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The crystal  s t ructure  of a cummingtoni te ,  (Mg4.05Fe~.50Mn0.tTCa0.,~5)(Si7.9A10.1)O~2 (OH)2 (cell dimen- 
sions a=9-51 ,  b = 18.19, c=5 .33  A; f l= 101 ° 55'; space group C2/m) has been refined by the least- 
squares me thod  using three-dimensional  Geiger counter  intensi ty da ta  and the parameters  of 
gruner i te  as a s tar t ing point.  The s t ructure  of cummingtoni te  is the same as tha t  of tremolite,  
except  tha t  the curva ture  of the silicate double chains away from the plane of the meta l  a toms is 
more pronounced in cummingtoni te .  The M 4 position, corresponding to the calcium position in 
tremolite,  is principally occupied by Fe 2+, the neighboring M2 position principally by Mg 2+, while 
M~ and 3~ 3 positions are occupied by the rest of the Mg, Fe in a random manner .  The short  M4-O 4 
bond is probably covalent  in character .  

Introduction 

Since the determination of the crystal structure of 
tremolite (Ca2MgsSisOe~(OH)2) by Warren (1930), 
several varieties of amphibole, namely, crocidolite 
(Whittaker, 1949), actinolite and tremolite (Zussman, 
1955, 1959), barroisitic hornblende and karinthine 
(Heritsch et al., 1957) have been examined by two- 
dimensional Fourier methods for structural details. 
From the height of the electron-density peaks in the 
Fourier projection of crocidolite on (001), Whittaker 
(1949) deduced that  M~ position is richer in Fe 3+, 
and Mg rather than Fe enters the M4 position. How- 
ever, three-dimensional least-squares refinement of the 
structure of a grunerite with about 30 mol.% of the 
Mg component, derived from the metamorphosed iron 
formation of Quebec, Canada, indicated that  Ma 
position is mainly occupied by Fe e+ , while the rest of 
the Mg-Fe atoms are randomly distributed over the 
other three metal positions (Ghose & Hellner, 1959). 
Highly accurate structure determination of a cum- 
mingtonite, belonging to the same series as grunerite, 
and derived from the same locality, was therefore 
undertaken for two reasons. First, to determine the 
exact distribution of Mg-Fe over the four metal 
positions and secondly, to determine the exact con- 
figuration of the silicate double chains in an amphibole, 
where the M 4 position is occupied by a smaller cation 
(Mge+, Fee+), as opposed to Ca e+ or Na+ as in tremolite, 
actin01ite, crocid01ite, etc. The cummingt0nite series 
is unique in the amphibole group in that  it contains 
very little aluminium and calcium or other alkali 
metals, and the beta angle is significantly different 
from the value found in other monoclinic amphiboles. 
I t  can be assumed from these two facts that  the 
structure probably is not flexible enough to accom- 
modate a large alkali ion and that  the silicate chains 
are significantly distorted compared to those of 
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tremolite, for example. From the following structure 
determination, it will be seen that  these assumptions 
are essentially correct. 

Experimental 

The specimen of the cummingtonite was collected by 
Dr R. F. Mueller from the metamorphosed iron forma- 
tion, located approximately 180 miles north of Seven 
Islands, Quebec, near the Labrador boundary (for 
petrological details, see Mueller, 1960). The mineral 
occurs as pale brown needle shaped crystals, associated 
with quartz, dolomite and a little actinolite. A spectro- 
chemical analysis of the cummingtonite by Dr Mueller 
is given in Table 1. 

The formula of the cummingtonite can be written as: 

(Mg4.osFe2.5oMno.lvCao.35) (SiT.gAlo.1)O22(OH)2 . 

The calcium content has been attributed to the 
admixed actinolite by the analyst, Dr Mueller and has 
not been considered for the structure analysis. 

The cell dimensions, listed below, have been mea- 
sured by precession method, using Mo Kc~ radiation. 

a=9.51, b=18.19, c=5.33/~;  f l=101°55 '. 
Space group C2/m. Z = 2. 

It  should be noted that  the standard orientation C2/m 

Table 1. Spectrochemical analysis of the 
cummingtonite 

% 
SiO 2 54.0 
TiO 2 0.01 
A1203 0.40 
Fe 15-5 
Fe203 nd 
FeO 20.0 
MnO 1-35 
MgO 18.5 
CaO 2-2 
H20 (calc.) 2.2 
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has been chosen, ra ther  t han  I2/m, which had  been 
used for the  description of amphibole s t ructures  since 
War ren  (1930). 

The intensi ty  measurements  were made  on a 
cleavage f ragment ,  ground to an ellipsoidal shape 
(0.2×0-2 ×0.3 mm.),  the longest axis being parallel  
to c. For  obtaining high accuracy in the  in tensi ty  
measurements ,  a Geiger counter mounted  on a Weis- 
senberg type  goniometer,  along with monochromat ic  
Mo Kc~ rad ia t ion  was used. The monochromat isa t ion  
of the Mo K a  radia t ion  was effected by  using a bent  
quar tz  crystal  (Johansson type) monochromator .  The 
exper imental  set up was very  comparable  to t h a t  used 
by Bommel  & Bijvoet  (1958) in their  in tensi ty  
measurements  on ammonium hydrogen d- tar t ra te .  

All the  intensities, including the weak ones, oc- 
curring on six reciprocal latt ice levels, perpendicular  
to c, having sin2/~t 2 below approx imate ly  0.36 were 
measured by the Geiger counter. All the intensities 
were corrected for Lorentz,  polarization and velocity 
factors by means of an Incor  program (Zalkin & Jones,  
1957) on the IBM 650 computer.  No corrections for 
absorption,  however,  were made  as they  were believed 
to be small. The set of relat ive s t ructure  factors thus  
obtained,  were pu t  on an absolute basis by scaling 
them against  the calculated s t ructure  factors,  using 
the corresponding atomic parameters  of grunerite.  
In  the subsequent  least-squares refinement,  scale 
factor  for each layer was t rea ted  as a var iable  param-  
eter. 

T h r e e  d i m e n s i o n a l  l e a s t - s q u a r e s  r e f i n e m e n t  

Atomic scat ter ing curves for Sid+ and Mg 2+ were 

t aken  from Berghuis et al. (1955). The atomic scat- 
tering curve for 0 t aken  from Berghuis et al. (1955) 
and t h a t  of Fe from Freeman  (1959) were a rb i t ra r i ly  
modified to t ake  care of the  ionization. Final  atomic 
paramete rs  of gruneri te  (Ghose & Hellner,  1959) 
were used as a s tar t ing point. Ini t ial ly,  the metals  
were given an average scat ter ing factor  of 62% 
Mg2++38% Fe 2+. The Least-Squares  I I  p rogram 
(Senko & Templeton,  1957) on an IBM 650 computer  
was used. Ini t ia l ly  all the  a toms were given a zero 
t empera tu re  factor  and all the intensities were given 
a weight of unity.  The unobserved intensities were 
assigned min imum 2' observed in each par t icular  level 
concerned. For  the  initial stages of refinement,  739 
intensities, having sin 2 0/~ 2 below 0.22, were con- 
sidered. Af ter  two cycles of refinement,  the temper-  
a ture  factor  for the  M4 a tom turned  out to be negative, 
- 2 . 1 8 ,  while those for M1, M2 and M3 were 1.32, 2.83 
and 1.71 respectively. The R-factor  was 0.196. I t  was 
obvious t h a t  the M4 position was very  rich in Fe 2+, 
compared to the other  three meta l  positions. So, a 
scat tering curve of pure Fe 2+ was used for the M4 
position, while an average scat ter ing curve of the rest  
of the Mg 2+, Fe e+ was used for the other  three positions 
for the  next  cycle. The R-factor  decreased to 0-158 
and the t empera tu re  factors were - 0 . 2 7  for M1, 
0.28 for M2, - 0 . 3 5  for M3 and  0.72 for M4. After  
two cycles of refinement,  including all the  intensities, 
the R-factor  decreased to 0.145, but  the negat ive 
t empera tu re  factors for the M1 and M3 atoms still 
persisted and t h a t  of 21/4 was much higher t han  the  
rest (atomic B:  M I = - 0 . 3 1 ,  M2=0.37 ,  M 3 = - 0 . 4 8  
and M a =  1.13). This indicated t h a t  M4 position has 

Table 2. Changes in the temperature factors of the metal atoms and the R-factors 
during the least-squares refinement 

Temperature factors 
Number ^ , 
of cycle Program* R-factors M 1 M 2 -M a M 4 

1 ST 0.196 1.32 2.82 1.71 --2-18 

2 ST 0.158 --0.27 0.28 --0.35 0.72 

3 ST 0-168 --0.32 0.34 --0.46 0.97 

4 ST 0.145 --0.31 0 .37  --0.48 1.13 

5 ST 0.133 1.05 0.58 0.97 0-95 

6 ST 0-131. 1.12 0.64 1.07 1-09 

7 BL 0.123 0.97 0-99 0-90 0.71 

Remarks 

~u-,.,2+ -~,,~2+ . 739 f M "'50.62~0-:38 ' 

intensities considered 

fM4 = pure Fe 2+ ; fM1, fM2, 
f Ms ~,-,2 + W,~2 + ~ ' ~ 0 . 9 0 ~ 0  • 10 

scattering curves same as above; 
1524 intensities considered 

Same as above 

fM1,  fM3 2+ 2+ = Mg0.GTFeo.3. ~; 
2 +  2 +  fM2 = Mg0.9oFe0.10; 
2 +  2 +  fM4 = Mg0.20Fe0.s0 

Same as above 

fM1,  __ 2-4- 2 +  . f M3 -- M g o . 6 7 F e o . . 3 3 ,  

2+ Fe fM2=Mgo.s5 0.15 
M ~2+ Fe fM4 = 8 0 . 2 5  0"75 

8 BL 0.121 I'00 0.95 0-99 0.84 Same as above 

* ST indicates Least Squares II program made by Senko & Templeton (1957) for the IBM 650 Computer. 

BL indicates the full matrix least-squares program made by Busing & Levy (1959) for the IBM 704 Computer. 
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some Mg ~'+ in it  and t ha t  M~ and M3 positions are 
richer in Fe e+ t han  was previously assumed. So at  this 
stage Fe e+, Mg ~+ were dis t r ibuted as follows: Ma 
= 8 0 %  Fe e+, 20% Mg~+; Me = 9 0 %  Mg ~+, 10% Fee+; 
M1 and Ms = 6 7 %  Mg e+, 33% Fe ~+. Two more cycles 
of ref inement  brought  the R-factor down to 0.131 and 
the tempera ture  factors for the metal  atoms were all 
posit ive; but  the tempera ture  factor for Me was lower 
t han  the rest. The metals were redis t r ibuted again, 
thus:  M 4 = 7 5 %  Fe ~+, 25% Mg2+; M ~ = 8 5 %  Mg 2+, 
15% Fe~+; M1 and M 3 = 6 7 %  Mg 2+, 33% Fe 2+. Two 
more cycles of ref inement  on the IBM 704 computer  
using the  full mat r ix  least-squares program, made by 
Busing & Levy  (1959), brought  the R-factor down to 
0.121 and the tempera ture  factors for the metal  atoms 
all tu rned  out to be close to one. The weighting scheme 
used for this program was zero for the unobserved 
intensit ies and  1/F for the observed intensities. The 
changes in the  isotropic tempera ture  factors of the 
metal  a toms in various cycles  of least-squares refine- 
ment  are listed in Table 2. So, it is seen tha t  isotropic 
tempera ture  factors serve as very good indicators of 
the kind of metal  a tom present in the four different 
metal  positions. At this stage it  was believed tha t  the 
series had  essentially converged, since the changes in 
the  parameters  were below the s tandard  error. The 
final a tomic parameters  and isotropic tempera ture  
factors are listed in Table 3. A comparison of the 
observed s tructure factors with the structure factors 
calculated from the final parameters  is shown in 
Table 4, a copy of which has been submit ted  to the 
American Documenta t ion  Inst i tute*.  

Table 3. Atomic coordinates and temperature factors 
of cummingtonite 

x y z B 
O 1 0.1129 0.0878 0.2056 0.82 A 2 
O 2 0.1229 0.1713 0.7170 0.93 
O 3 0.1135 0 0.7077 1.13 
O 4 0.3789 0.2465 0.7740 1.35 
O 5 0.3524 0.1312 0-0663 1-35 
O 6 0'3484 0"1185 0"5616 1"37 
O~ 0.3424 0 0"2696 1.17 
Si 1 0.2880 0.0842 0-2747 0.73 
Si 2 0.2976 0.1687 0.7819 0.76 
M 1 0 0.0874 0.5000 1.00 
M 2 0 0.1775 0 0.95 
M a 0 0 0 0.99 
M 4 0 0.2598 0.5000 0.84 

A c c u r a c y  of t h e  d e t e r m i n a t i o n  

The s tandard  deviations of the  atomic parameters  
have been obtained by invert ing the matr ix  of the 

* Table 4 has been deposited as Document No. 6659 with 
the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D.C. A copy 
may be secured by citing the Document Number and by 
remitting $ 2.50 for photoprints, or $ 1.75 for 35 mm. micro- 
film. Advance payment is required. Make checks or money 
orders payable to Chief, Photoduplication Service, Library 
of Congress. 

normal  equations and are listed in Table 5. The 
average s tandard  deviat ion of ca t ion-oxygen bond 
length is + 0.007 A, t ha t  of oxygen-oxygen contacts 
is _+ 0.01 A. The average s tandard  deviat ion of Si -O-Si  
angles is ± 0.6 ° and t ha t  of O-Si-O angles is + 0.5 °. 
The l imits of error in ca t ion-oxygen distances, hence, 
are ± 0.02 A, in oxygen-oxygen distances ± 0-03/~, 
in Si-O-Si  angles + 1-8 ° and in O-Si-O angles ± 1-5 °. 

Table 5. Standard deviations of the atomic parameters 
of cummingtonite 

a(x) a(y) a(z) a(B) 
O 1 0.00056 0 . 0 0 0 2 6  0 .00116  0.079 A 2 
O 2 0.00057 0 . 0 0 0 2 8  0 .00127  0.082 
O a 0.00088 0 0.00176 0-119 
O 4 0.00063 0 . 0 0 0 3 2  0 .00131  0.092 
O 5 0.00065 0 . 0 0 0 3 3  0 . 0 0 1 1 4  0.101 
O 6 0.00059 0 .00031  0 -00113  0.095 
O~ 0.00085 0 0.00166 0.115 
Si 1 0.00024 o .00011  0 . 0 0 0 4 6  0.048 
Si 2 0.00023 0-00011  0 . 0 0 0 4 5  0.047 
M 1 0 0.00014 0 0.054 
IV/2 0 0.00017 0 0.060 
M a 0 0 0 0.063 
M 4 0 0.00009 0 0.046 

D i s c u s s i o n  o f  t h e  s t r u c t u r e  

The metal atoms 
From the course of the least-squares ref inement ,  

it  is clear t ha t  the best agreement  between observed 
and calculated s tructure factors is obtained,  when we 
assume the following Mg 2+, Fe 2+ dis t r ibut ion over the 
four different metal  posit ions: 

Ml=Ms=67% Mg 2+, 33% Fe 2+ 

M2=85% Mg 2+, 15% Fe e+ 

M4=75% Fe 2+, 25% Mg 2+. 

The explanat ion t ha t  presents itself readi ly for this 
k ind of Mg-Fe ordering is the  difference in the  ionic 
size of Mg 9+ and Fe e+. The M4 posit ion corresponds 
to the  calcium posit ion in t remoli te  s t ructure and this  
posit ion should accommodate  the  larger of the  two 
ions, namely  Fe 2+. However, the in tera tomic  distances 
(Table 6) show t ha t  this explanat ion  is not  l ikely to 
be true. The Ma-Oa bond distance is 2.04 _~, M4-O2 
2.18 J~ and Ma-06 is 2.70/~. 

The unusual ly  short  Ma-Oa bond suggests t h a t  there 
might  be covalent  bonding between these two oxygens 
and 3/4, which is most ly  occupied by Fe 9+. These 
covalent  bonds probably,  are stabilizing this s t ructure  
and favoring this type  of Mg-Fe ordering in cumming- 
ton±re. If we examine the envi ronment  of the  meta l  
positions (Fig. 1), this explanat ion does not  seem 
unreasonable.  M1 and M3 are bonded to two (OH) 
ions and four oxygens, the oxygens being bonded to 
one silicon each. Me is bonded to six oxygens, which 
also are bonded to one silicon each. Ma, however, 
has a very  dis tor ted octahedral  bonding. Four  of the  
bonding oxygens, 04 and 02 are bonded to one silicon 
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M1-O M I - O  1 2"077 (2) 
M~-O 2 2" 1 l e (2) 
M I - O  3 2"104 (2) 

Mean 2.099 

M2-O 2~[2 - O 2 2"09 a (2)  
M2-O 1 2"129 (2) 
M2-O ~ 2"029 (2) 

Mean 2.084 

M3-0 

M4-0 

M3-O 1 2" 102 (4) 
M3-O 3 2"072 (2) 

Mean 2.092 

2"1//4-04 2.042 (2) 
M4-O ~ 2"177 (2) 
M4-O 6 2"699 (2) 

Mean 2.30 e 

Table  6. Interatomic distances in cummingtonite  ( ~)  

Sil-O Sil-O 1 1.631 
Sil-O 5 1"619 
Sil--O 6 1"642 
Sil-O ~ 1"619 

Mean 1.628 

Si2-O Si2-O 2 1"627 
Si2-O 4 1"617 
8i2-O 5 1"646 
Si2-O 6 1"638 

Mean 1.632 

O-O O1-O 5 2.65 s 
around Oj-O~ 2-679 

Si I O1-O ~ 2-670 
O5-O 6 2.6%, 
O5-O~ 2-63~ 
Oe-O7 2"65 s 

Mean 2.66~ 

each,  whi le  two O6 oxygens  are shared  be tween two 
silicons each  and  hence have  the i r  charges v i r t u a l l y  
satisfied. Since these  two (06) oxygens  are loca ted  a t  
such a grea t  d i s tance  f rom Ma, t h e y  m a k e  a r a t h e r  
weak  charge con t r i bu t i on  to the  M4 a tom.  The  oxygen  
Oa is unique ,  compared  to  O1 or O2, sincc i t  is bonded  
to  one sil icon and  two metals ,  Me and  M4, while  
oxygens  O1 and  09. are bonded  to  one si l icon a n d  th ree  
me ta l s  each. The  shor t  M4-Oa bond  indica tes  t h a t  the  
l inkage  be tween  Ma and  Oa is s t ronger  t h a n  a single 
M - O  bond.  

2"694 

O-O 
around 

Si 2 

Si-Si 

M - M  

O2-O 4 2"755 
O2-O 5 2.663 
O2-O e 2.636 
O4-O 5 2"656 
Oa-O6 2.5% 
O5-O 6 2.660, 2.694 

Mean 2.66 a 

Si-Si~ 3.06 s 
Sil-Si 2 3.062, 3.096 
Ni2-Si 2 3- 981 

M1-M' 1 3-179 
Ma-M 2 3.130 
M1-M 3 3.104 
M1-M 4 3" 136 

M2-M 3 3.228 
M2-M 4 3.058 

Since Fe  e+ is more  e lec t ronega t ive  t h a n  Mg 2+, 02 
a n d  04 oxygens  are s t rong ly  polar ized  by  t he  M4 
a tom,  which  is mos t ly  Fe  2+. These four  oxygens  are 
also bonded  to the  M2 a tom.  So t h a t  t he  s t ruc tu re  
m a y  no t  be h igh ly  s t ra ined ,  i t  is expec ted  t h a t  M2 
pos i t ion  will be occupied by  a less e lec t ronega t ive  
a tom,  if i t  is avai lable ,  in  the  presen t  case Mg 2+. 

The  e n v i r o n m e n t s  of M1 a n d  Ma pos i t ions  are ve ry  
comparab le  and  th is  is ref lected in the i r  m e t a l  con- 
ten ts ,  which  are the  same. 

I t  is ve ry  p robab le  t h a t  a t  a h igher  t empe ra tu r e ,  

Origin 

® 

b 

7 "... ~ . .  

/ / /  -... ~ //x~ 

-.... ..- .17.L..., 
"-,, 

"631 

rigm" .... :<" ! """ """ :M( ""--~M2 ;:~" 

2"072 " - <  ' ~ : - "  ?:..:-" 
-? .... 

z 
C)  ~ 0"00 

( ~  ~ 0"25 

0 ~ 0"50 

® - 0.75 

1.61 9 

Os U6 Oz 

M4 

Fig. 1. Projection of the structure of eummingtonite on (001). 
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07 

(a) 

fl 02 
05 

,• ,-,1 O ~  
04 

(b) 

Fig. 2. Orthogonal projection of the silicate double chains on (100) in I2[m orientation in (a) cummingtonite; (b) tremolite; x, 
y parameters and cell dimensions from Zussman (1959), z parameter from Warren (1930). 

the thermal  vibrations will lengthen the M4-04 bond 
and cause a disordering of Mg-Fe ions over all the 
four metal sites. Recently grunerite has been synthe- 
sized by Flaschen & Osborn (1957) by the breakdown 
of minnesotaite at 700 °C. and 17,500 psi. The mag- 
nesium end-member kupfferite, however, has not been 
synthesized yet. When more experimental data are 
available on this system, it may be possible to establish 
the degree of Mg-Fe ordering as a function of tempera- 
ture in the cummingtonite series. In  the absence of 
~elspars, this may very well prove to be a geological 
thermometer, particularly for the metamorphosed 
iron formations. 

The silicate chains 

The silicate double chains are curved away from 
the plane of the metal atoms in cummingtonite, which 
has been noted also in other amphiboles, including 
tremolite. However, the chief difference between 
oummingtonite and other amphiboles is that  in cum- 
mingtonite the M4 position is occupied by Mg 2+, 

:Fe 2+ which are much smaller in size than C 2+ or Na +. 
So the oxygen atoms surrounding the M4 position 
(except 06) are much closer to M4 in cummingtonite 
than they are in tremolite, crocidolite, hornblende, etc. 
The curvature of the silicate double chains, therefore, 
is more pronounced in cummingtonite than in other 
amphiboles. As explained by Whit taker (1949), this 
curvature arises out of the misfit in the repeat dis- 
tances between free tetrahedral and free octahedral 
layers. 

The silicate double chains in cummingtonite and in 
tremolite are shown in plan in Fig. 2(a), (b). It  is 
noticed that  the configuration of the silicate double 
chains in cummingtonite is somewhat different from 
that  in tremolite. The distortion from the ideal 
hexagonal ring is effected by the clockwise rotation of 
both the Si04 tetrahedra in cummingtonite, while by 
the clockwise rotation of the Sil-O tetrahedron and 
anticlockwise rotation of the Si2-O tetrahedron in 
tremolite. 

Whittaker (1949) and Zussman (1955) postulated 



S U B R A T A  G H O S E  627 

t h a t  the  S i - 0  bond lengths within the  silicon oxygen 
ring are larger t h a n  the peripheral  bonds S i l -0 i ,  
Si9-09 and Si2-04 in crocidolite and actinolite. This 
is not  true,  however,  in the case of cummingtonite .  

Table 7. Interatomic bond angles in cummingtonite 

Si-O-Si 

SiI-05-Si 2 142.9 °, 139.4 ° 
SiI-OG-Si 2 141.4 
Si1-07-Si I 142.2 

Mean 141.5 ° 

O-Six-O 
O7-Sil-O 1 110.5 ° 
OG-Sil-O 1 109.9 
Os-Sil-O 1 109.8 
07-Si1-0 s 108.8 
06-Si1-05 109"3 
O5-Sil-O 7 108"6 

Mean 109-5 ° 

o-sig-o 
04-si2-02 116.3 ° 
05-si2-09 109.0 
06-si~-09 107-7 
05-si9-06 110-3 
06-si2-04 104.7 
04-si~-05 109.0 

Mean 109-5 ° 

Though the si l icon-oxygen distances within two 
S i - 0  t e t rahedra  are not  significantly different,  the  
0 - S i - O  bond angles show tha t  the S i l - 0  t e t rahedron  
is more regular,  in which 0 - S i l - 0  bond angles range 
from 108.6 ° to 110.5 °, while 0 - S i 2 - 0  bond angles 
range from 104.7 ° (06-Sir-04) to 116.3 ° (04-Si2-02). 
I t  m a y  be noted t h a t  the  two distorted te t rahedra l  
angles in the  Si2-0 t e t rahedron  involve 04. The 
distort ion in the Si2-0 te t rahedron,  therefore, is 

certainly caused by  the  strong a t t rac t ion  between O4 
and Ma. 

The closest approach between oxygen a toms in two 
neighboring silicate chains is 2.97 /~. This distance is 
very  comparable  to those in crocidolite and actinolite, 
which are 2.97 and 2.9 A. 
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sions. He is grateful  to Prof. Hans  Ramberg  for his 
interest  and to Prof. George A. Je f f rey  for the  use 
of the Univers i ty  of P i t t sburgh  computa t ion  facilities, 
with the  suppor t  of a g ran t  from the Nat ional  Science 
Foundat ion.  The financial assistance from the Univer-  
si ty of Chicago in the form of fellowships and grants  
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A Theoret ical  Study of Pendel lSsung Fringes.  

Part 2. Detai led Discuss ion  Based upon a Spherical  Wave Theory 
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(Received 19 May 1960) 

Based upon the general formulation of Par t  1, explicit expressions for the crystal wave fields and 
the vacuum wave fields are obtained assuming a spherical wave as the incident beam. For thick 
parts of crystals, absorption effects are taken into account. The same results as expected from the 
energy-flow theory (Kato, 1960) are obtained as a special case. 'PendellSsung' phenomena of X-rays 
are discussed. In particular, 'hook-shaped' patterns (Kato & LanK, 1959) can be fully explained. 
Values of integrated intensity according to the ordinary theory do not need to be revised. 

1. I n t r o d u c t i o n  under  a category in which (a) a spherical wave ap- 
In  P a r t  1 (Kato,  1960), we arr ived a t  the conclusion proximat ion is more appropria te ,  yet  a t  the  same t ime 
tha t  single-crystal diffraction in X - r a y  cases falls (b) the curva ture  of the wave surface of the  incident 


